2024 12th International Conference on Control, Mechatronics and Automation

Equilibrium Point Selection and Two Stage Optimal
Control of Quadrotor Under Actuator Failure

Vidya C S
Robotics Research Center
IIT Hyderabad
Hyderabad, India
vidya.c@research.iiit.ac.in

Abstract—This paper presents a simple method for stabilizing
the quadrotor dynamics under complete loss of one actuator using
two-stage optimal control. Detailed equilibrium analysis and
subsequent selection of operating point under actuator loss are
provided, incorporating constraints on the maximum available
thrust. A detailed simulation study using a high-fidelity nonlinear
model of the quadrotor is presented showing the stability and
performance of the closed-loop system under complete actuator
loss, in the presence of external disturbances.
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I. INTRODUCTION

Quadrotor systems have gained immense popularity in re-
cent years due to their broad applications such as surveillance,
search and rescue, and environmental monitoring [1]. The use
of quadrotors for such critical tasks demands ensuring high
levels of safety and reliability. However, due to their lack
of redundancy in the control inputs, attitude dynamics under
actuator failures in quadrotors are challenging to stabilize. This
paper presents a simple method for stabilizing the quadrotor
dynamics under complete loss of one actuator.

A fault tolerant control strategy for partial loss of actuator
is investigated in [2] and [3]. Extensive research on fault
detection and diagnosis, such as [4] and [5] are also available.
The present strategies available for fault tolerant control (FTC)
can be broadly classified into active and passive methods.
Active methods such as [6] and [7] use a separate control
strategy for fault cases. This is implemented after detecting
the fault using sensors while passive methods like [8] and [9]
implement a single robust control for both fault and non-fault
situations. A passive FTC using delayed feedback and divided
state feedback is implemented in [10] using sliding mode
control. The uniform passive FTC for a quadrotor implemented
in [11] and [12] eliminates the need of controller switching
at the time of fault. However, the dynamic control allocation
increases the complexity of implementation. In contrast to
linear control strategies such as [13], [14], and [15] which
perform linearization around an equilibrium point, non-linear
control strategies like [16] which takes the complete non-linear
dynamics of the system into consideration are much more
computationally complex.
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The controllability of the relaxed hover solutions for mul-
ticopters where the angular rate is a non-zero constant is in-
vestigated in [17]. Although the equilibrium selection method
presented here uses a similar approach, an upper limit on
maximum available thrust introduces bounded constraints on
attitude. The method presented here is to give up the control of
yaw dynamics and let the vehicle rotate with a constant angular
rate which is broadly similar to the linear control strategies
adopted by [15] and [13]. However unlike [15] which models
the reduced kinematics of the vehicle by introducing a station-
ary unit vector, the proposed method simply uses roll and pitch
angles and their angular rates to define the state of the vehicle
with actuator fault thus eliminating the need for a full state
observer. The key contributions of this paper are summarized
below.

o A two-stage state feedback control law is proposed that
stabilizes the attitude dynamics of the quadrotor under the
complete loss of one actuator. In the proposed method, the
outer loop utilizes roll and pitch angle feedback while the
inner loop utilizes only roll rate and pitch rate feedback,
and the uncontrollable yaw rate is kept bounded.

o Analysis of multiple attainable equilibrium points under
motor failure is performed with a constraint on available
thrust. The magnitude of the equilibrium pitch rate, yaw
rate, and roll angle are considered for selecting the
desired equilibrium point.

e A detailed numerical simulation using a high-fidelity
nonlinear model of a quadrotor is provided showing
the performance and stability of the proposed feedback
control design under nominal conditions and with distur-
bances in the event of complete motor failure.

This paper is organized as follows: Section 2 presents an
overview of the quadrotor dynamics. Section 3 contains the
proposed method to find feasible equilibrium points within the
bounds of maximum available thrust. It also contains a detailed
discussion regarding the selection of a suitable operating point.
Section 4 discusses the proposed control law and Section
5 contains the results obtained from the simulation using a
high-fidelity nonlinear model of the system. Finally, the paper
concludes with section 6.
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II. DYNAMICS OF A QUADROTOR SYSTEM

This section provides an overview of quadrotor dynamics,
laying the foundation for subsequent discussions on fault-
tolerant control strategies for quadrotor systems in the fol-
lowing sections of the paper.

Let [py,py,p-] denote the position vector of the vehicle
in three-dimensional space, where p,, p,, and p, are the
Cartesian coordinates in the inertial frame. The attitude is ex-
pressed as [¢, 6, ¢]. The vectors w = [p, q,r] and w = [p, ¢, 7]
represent the angular rates and angular accelerations measured
in body frame respectively. The rate of change of attitude
measured in the inertial frame is given by equation (1).

b 1 singtanf cos¢tand| [p

g =10 cos ¢ —sin ¢ q (1)
i sin ¢ cos ¢

w 0 cos 6 cos 0 r

I = diag(I;,1,,1,) represents the Inertia of the vehicle
while Ip = diag(0,0, I,) represents the propeller moment
of inertia. D = diag(a, 3,) represents a diagonal matrix
containing drag terms in roll, pitch, and yaw respectively. The
nonlinear differential equation governing the dynamics of the
system is expressed as given in equation (2).

Io+wx (Jw+Ew)+Dw=rT ()
where 7 = [r,,7,,7.] represents the resultant torque along
“th

3 axes. w; is the angular speed of the ¢*" propeller. The
relationship between resultant forces and propeller speeds for
the quadrotor model in Fig. 1 is given by the equation (3).

T 0 le 0 —le w%
Ty _ 7le 0 le 0 w% (3)
T o Kt —Kt Kt —Kt w%
TE Kf Kf Kf Kf wi

where Ky and K, are thrust and torque coefficients respec-
tively and [ is the vehicle arm length.
The equation governing the altitude dynamics is given
below.
mp, = mg — Tx, cosf cos ¢ 4)

where 7% is the total thrust produced by all the motors.

III. EQUILIBRIUM POINT SELECTION

This section presents a method to find a suitable equilibrium
point (or operating point) for the vehicle under the failure of
one actuator. The major factors that influence the choice of
a suitable operating point are the constraints on maximum
available thrust, the controllability of the shifted operating
point, and the resulting tilt of the vehicle along the pitch and
roll axis. The conventional equilibrium condition for hover is
infeasible under the failure of one actuator. Hence we give
up the control of yaw angle and keep the yaw rate a positive
constant. The new equilibrium condition can be obtained from
the following set of equations.

w=0, ¢=0, §=0, p, =0 (5)
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Fig. 1. Model of a quadrotor system in plus configuration. Motor 1 and
motor 3 rotates in clockwise direction while motor 2 and motor 4 rotates in
anticlockwise direction. Here the failure of motor 4 is discussed.

From equation (5) it can be seen that the trivial solution (
p=0,g=0,¢=0and § =0 ) yields the following results.
mg

T1:T3:77

This indicates that the vehicle should have a minimum
thrust-to-weight ratio of 2. However, this may not be possible
in cases where the maximum available thrust has an upper
limit. Thus assuming the fault occurs in motor 4, individual
motor thrusts can be adjusted as mentioned in equation (7) to
find non-trivial solutions.

T, =1T;,

T, =0 (6)

Ty =N (7N

where A is a constant between O and 1. Trivial solution
corresponds to the case where A = 0. It is clear that for the
thrust-to-weight ratio K < 2, the value of A will be non-zero
for all feasible solutions. Applying the relevant conditions, the
equilibrium conditions obtained are given below.

p=0, 6=0, r=2 ®)
v
Tx
1= =1y — Lysw, ©)
¢ =tan™' (1) (10)

Note that p and 6 are zero for all feasible solutions because
Ty 1s zero due to the condition mentioned in equation (7). The
equilibrium point can be found by solving for the unknowns
D, q, ¢, 0, r, w1, we,ws and A using the equations (5), and
().

Multiple feasible equilibrium points can be found for a given
thrust-to-weight ratio K. However, not all of them may be
suitable for practical implementation. One factor to consider
while selecting the operating point is the tilt of the vehicle
along the roll axis. For a given K < 2, the minimum value
of )\ for which an equilibrium point can be found is denoted
as Apin. When A = A\, the torques along the roll and yaw
axis are given by equation (11).

Kmg

Te = l)\mzn 4 Ty = Kt(2 -

Kmg

349



The corresponding ¢ will be the minimum amplitude of ¢
possible for a given K, denoted by ¢,;,. Similarly, let the
maximum amplitude of r be denoted by 7,,4,. Substituting
in equation (10), the minimum amplitude of ¢ for a given K
denoted by ¢y, is given below.

—1
¢7nin = tan (

qmin ) (12)

rma:r
From equations (9), (11) and (12) it is clear that ¢,,;, = 0
only for A,,;, = 0 which is only possible if K > 2.

Another factor to consider while selecting the operating
point is to maximize the upward thrust and minimize the
forward thrust. From equation (4), it can be seen that the
steady state values of 6 and ¢ greatly influence the maximum
upward thrust produced. However, since every operating point
generated has the steady state value of pitch angle to be zero,
we only need to consider the value of ¢. Equation (13) should
be satisfied to ensure the vehicle has enough upward thrust to
maintain the altitude.

cos(6) > =

As A increases, ¢ increases while r decreases. Hence for
a given K, when A is maximum, ¢ is maximum and 7r
is minimum. These values are denoted by @¢nqr and 7
respectively. Similar to equation (12) a maximum amplitude
of ¢ for a given K denoted by ¢,,,, can be determined from
equation (10). Combining the upper limit for ¢ specified by
equation (13), ¢nqz is determined by the following equation.

13)

)

Omaz = mm(cosfl(%),tan*l( (14)

T'min

An operating point closer to ¢,,;, Will have low forward thrust
but a relatively larger yaw rate, while an operating point closer
t0 @maz Will have a considerably low yaw rate but a higher tilt
along the roll axis and hence a larger forward thrust. A suitable
equilibrium point can be chosen considering these factors.
Moreover, the state model presented in Section 4 indicates that
all equilibrium points are controllable. The detailed analysis
is provided in Section 5 for a real quadrotor dynamics.

IV. CONTROLLER DESIGN

The controller design consists of a two-stage LQR controller
for attitude control and a PID controller for altitude control as
shown in Fig. 2. The outer loop of the attitude controller has
pitch and roll angle feedback while the inner loop has angular
rate feedback. The outer loop produces the reference values
for the angular rates. The inner loop finds the required torques
for following the desired state of the vehicle.

A. Linearized Outerloop Dynamics

The state space model for the outer loop is obtained by
linearising the equations of the rate of change of roll and pitch
angles measured in inertial frame ( refer equation (1) ) about

the equilibrium states.
7y = Ajz1 + Biug (15)

Uy = Kla:l (16)

The state vector consists of the linearised states of roll and
pitch angles represented as ¢ and § which are the deviations
from the equilibrium state and the input vector consists of the
linearised states of roll and pitch angular rates.

=[] o

where ¢ = ¢ — e, 0 =0 —0c, p=p—pe and ¢ = q— ge. be,
®e, Pe and g, represent the equilibrium state determined using
the method mentioned in section 3. Corresponding A and B
matrices are given by the equations below.

a7

ail a2
Al = 18
! [am 022} (18)
where a1;, = ¢etanf.cos¢. — retanb.sing., ajs =
(ge sin @ + 1 COS @) sec? ., az1 = —Qesin P — Te COS Do
and a9g9 = 0.
|1 sing¢.tanf,
B = [O COS P, (19)

The optimal feedback gain K is determined by minimizing
the cost function given by equation (20)

1

J1 = 5/ (2] Q121 + uf Ryuy) dt
0

where () is the state cost weighted matrix and R; is the input
cost weighted matrix for the outer loop. The desired values of
p and g required to maintain the equilibrium states are obtained
from the input vector. These values are passed on to the inner
loop for determining the desired thrust and torques.

(20)

B. Linearized Innerloop Dynamics

The state space model for the inner loop is derived by
linearising the attitude dynamics with respect to the body
frame about the equilibrium states of p and ¢q. As mentioned
in the previous sections only the roll and pitch dynamics are
considered while the yaw angle is kept as a free variable.

Zo = Axxg + Baus (21)

Ug = KQ(L'Q (22)

The state vector x5 consists of deviations of pitch and roll
angular rates from the equilibrium, and the input vector wus
is a function of the deviation of actual motor thrust from
equilibrium values.

_|p _[Ts-T
e[ w57
where T; = T, — T} and T}, represents the equilibrium thrust

for i*" motor. Corresponding A and B matrices are given by
the equations below.

(23)
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Fig. 2. Controller structure. A terms indicate the error with respect to the reference value. Reference values are indicated with subscript d.

TABLE 1
VEHICLE PARAMETERS
I 3.2 x 10~ 3kgm?
I, 3.2 x 10~ 3kgm?
I, 5.5 x 10~ 3kgm?
L.p 1.5 x 10~ 5kgm?
m 0.5kg
g 9.81m/s?
l 0.17m
K; | 641 x 107°Ns?/rad?
K¢ | 1.69 x 10"2Nms? /rad?

where ¢ = IEIZIZ Te — If: YWie.
The optimal feedback gain K5 is determined by minimizing

the cost function given by equation (26).

1

Jo = */ (23 Qa2 + uj Rouy) dt (26)
0

2
where ()9 is the state cost weighted matrix and R, is the input
cost weighted matrix for the inner loop.

C. Altitude Controller

The altitude controller has a PID structure of the following
form.

T= Ke+K/e+Kdd 27

dt
where T = T, — T}, represents the deviation in total thrust
from desired hover thrust and e = p, —p,. represents the error
in altitude. T}, represents the desired hover thrust.

Ty =T1+ T+ T3 (28)

From equations (23) and (28), the individual thrust required
for each of the remaining motors can be computed.

V. RESULTS

This section presents the results obtained for the equilibrium
analysis and subsequent simulation results for a vehicle with
parameters specified in Table I [15].

TABLE 1T
MAXIMUM AND MINIMUM VALUES OF ¢ FOR THRUST TO WEIGHT RATIO
K RANGING FROM 1.7 TO 2

K 1.7 1.75 1.8 1.85 1.9 1.95 2
bmin(deg) | 10.84 | 7.26 490 | 3.19 | 1.88 | 0.84 0
Pmaz(deg) | 30.96 | 3571 | 39.18 42 444 | 46.5 | 47.72

TABLE III

OPERATING POINTS AND THEIR CORRESPONDING PITCH AND YAW
ANGULAR RATES FOR K = 1.8

1 2 3 5
Qe 2.06 4.6 5.6 10 12
(rad/s)
Te 22.55 17.65 16.48 13.93 13.47
(rad/s)
de (deg) | 4.90 13.16 16.77 32.03 37.79

A. Equilibrium point selection

The equilibrium point is obtained for given values of p and
q where p is kept O since all equilibrium solutions have p =
0 as mentioned in section 3. Fig. 3 and Fig. 4 show some
arbitrarily selected periodic solutions for corresponding values
of K. It can be seen that for a thrust-to-weight ratio below
1.7, no feasible solutions are obtained. For a given K, as the
value of ¢ increases, the r obtained decreases. Thus if we
want to lower the yaw rate, there will be an increase in the
value of ¢ which indicates an increase in forward thrust. If
we disregard the constraint that the two motor speeds should
be equal, many more periodic solutions can be found. Table II
shows the maximum and minimum values of ¢ obtained for
different values of K ranging from 1.7 to 2. It should be noted
that for each K, these obtained values correspond to the range
specified in section 3. As mentioned in Section 3, the ¢ must
be minimized to minimize the forward thrust. For a thrust-to-
weight ratio of 1.8, a comparison of g, r, and ¢ values of a
few operating points is shown in Table III. From here it can
be seen that the possible minimum value of ¢ is 4.9 degrees.
Hence this equilibrium point is chosen for operation.
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Fig. 4. Yaw rates corresponding to the operating points plotted in Fig. 3. For
a fixed K, the same color indicates the same operating point

B. Simulation Results

This section presents the results obtained by simulating
the proposed method with a high-fidelity nonlinear model
in MATLAB with added disturbances. The D matrix con-
taining drag terms in roll, pitch, and yaw are assumed to
be diag(0.2,0,0.00275). The equilibrium parameters of the
vehicle for the selected operating point are given in Table IV.
The cost weight matrices for the outer loop and inner loop are
chosen considering the convergence of the inner loop should
be faster than the outer loop. The closed loop poles of the outer
loop are —0.547 + 24.17 and —0.547 — 24.17 while the closed
loop poles of the inner loop are —108.434 and —25.612.

The system model is simulated for a total of 40s. The
fault occurs at ¢ = 1s resulting in the complete failure of
motor 4, which is indicated by a red vertical line in the
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TABLE IV
PARAMETERS OF THE SELECTED OPERATING POINT

Te Qe Oc Wie W2e W3e A
(rad/s) | (deg) (deg) (rad/s) (rad/s) (rad/s)
24.01 4.90 0 586.8090 | 281.1545 | 586.8090 | 0.2297

plots. The system is shifted to the desired equilibrium point
by only adjusting the motor inputs at the instant of fault.
The controller is turned on only when the deviation from the
desired equilibrium state is within the tolerable limits. Here
that is found to be t = 1.1s which is after 10 time steps. As
observed in Fig. 6 and Fig. 7 the angular rates and altitude of
the system completely stabilize within 20 sec. The steady-state
error in altitude is found to be within +1.2%.

A rectangular pulse with a magnitude of about 3 times the
original value and a width of 2 time steps is introduced in the
motor 1 input for simulating an external disturbance (refer to
Fig. 5) at t = 20s. The results obtained for this case are plotted
in Fig. 6 and Fig. 7 respectively. There is a significant devia-
tion from the equilibrium point at the moment of disturbance in
angular rates. However, it immediately stabilizes as observed
in Fig. 6. This can be further observed in Fig. 7 where the
oscillations caused by the disturbance almost completely die
within 10s.

The assumed case here is that the vehicle can detect fault the
moment it occurs. However, this is not achievable in practice.
This is investigated by introducing a time lag between the
time instance of the fault occurrence, and the time instance
of shifting to the desired equilibrium point. It is found that
even with a lag of 30 samples, the system can stabilize to the
desired equilibrium point. However as the lag increases, there
is a slight increase in steady state error in altitude z and yaw
rate r. The sampling time taken here is 0.01s. The system can
stabilize with a steady state error of +5% even with a lag of
0.3 seconds in detecting the fault.
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Fig. 5. Motor inputs with external disturbances
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VI. CONCLUSIONS

In this paper, a method for stabilizing the quadrotor dy-
namics under complete loss of one actuator is presented. The
proposed method gives up the control of the yaw angle and
uses a two-stage optimal control for stabilizing the vehicle.
A detailed analysis of equilibrium selection under thrust con-
straints presented here indicates that stabilization is possible
for the lowest thrust-to-weight ratio of 1.7. The analysis also
indicates the effect of the direction of thrust and the tilt of
the vehicle on the choice of equilibrium point. The use of a
two-stage LQR controller with only p and q feedback in the
inner loop and 6 and ¢ feedback in the outer loop reduces
the relative computational complexity in implementation. The
proposed method is verified through simulation with a high-
fidelity non-linear model. The results indicate that the system

is stable even with disturbances in motor inputs, and can also
tolerate a time lag in fault detection up to 0.3 seconds.
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